In this paper, the maximization of the directivity of compromise difference patterns in subarrayed monopulse linear array antennas with optimum sum mode is addressed by means of a two-stage excitation matching procedure. The knowledge of the independently optimum difference excitations, which provide the maximum directivity, is exploited with an efficient matching technique based on the contiguous partition method. Simple and reliable compromise solutions, characterized by a reduced complexity as well as easier antenna manufacturing, are synthesized to assess the effectiveness of the proposed method also in comparison with state-of-the-art methods devoted to the directivity maximization.
Introduction
Monopulse tracking systems require antennas that generate at least two different patterns, namely the sum beam and the difference one. Towards this end, different solutions might be taken into account depending on the trade-off among the requirements on optimum sum and difference modes, since some constraints are incommensurable [1] [e.g., reduced circuital complexity, low sidelobe levels (SLLs), high directivity, low costs]. In the last years, array antennas have been usually used since they are easy to built and the lobes of the generated patterns can be electronically steered, thus avoiding the use of mechanical systems of positioning.
As far as the feeding network is concerned, compromise solutions are generally adopted because of the limited available space [2] . For such a reason, sub-arraying techniques have been introduced [3] . Sub-arraying strategies are aimed at satisfying one or more user-defined constraint/s on some pattern features with a reduced complexity and a simplification of the antenna manufacturing and assembly with respect to the two-module feed architecture, which provides independent excitations for the sum and difference modes of operation. In the literature, different approaches have been proposed to properly address the problem of synthesizing the optimal compromise between sum and difference patterns to obtain an optimum sum mode and a "best compromise" difference one. They consider optimization techniques [4] - [8] as well as excitation matching methods [3] [9] . Although optimization techniques can be simply adapt to optimize one or more (at the price of higher computational complexity) pattern features, the major part of the contributions have taken into account the minimization of the SLL [4] - [6] [8] . Only in [7] , the approach previously presented in [6] was extended to maximize the directivity of the compromise pattern. Within this framework, the Contiguous Partition Method (CP M) [9] has shown its effectiveness and versatility in determining a "best compromise" difference pattern close as much as possible to the optimum in the Dolph-Chebyshev sense [10] (i.e., narrowest first null beamwidth and largest normalized difference slope on the boresight for a specified sidelobe level) [9] as well as the optimization of some pattern features (e.g., SLL [11] ). In order to further assess the reliability and to point out the flexibility of the CP M, the approach is now extended to the optimization of the directivity of the compromise difference pattern as in [7] . The paper is organized as follows. A brief description of the mathematical formulation of the CP M as well as of its customization to the maximization of the directivity is outlined in Sect.
2. For comparison purposes, some representative results concerned with a set of numerical experiments used in the literature as benchmark test cases are presented and discussed (Sect.
3). Eventually, some conclusions are drawn (Sect. 4).
Mathematical Formulation
Let us consider a linear array with N = 2 × M elements uniformly-spaced (d being the interelement distance). The sum mode and the difference one are obtained by means of a set of symmetric excitation coefficients Σ = {s m = s −m ; m = 1, ..., M} and an anti-symmetric one
When sub-arraying techniques [3] are used ( Fig. 1) , one of the two modes is obtained from the other (optimum) by defining a suitable sub-array configuration and the corresponding weights to satisfy the user-defined requirements. Starting from a fixed and pre-optimized sum mode Σ, the compromise difference pattern B is determined as follows
where w q (q = 1, ..., Q) is the q-th sub-array weight and δ mq is the Kronecker delta function [if
value indicating the membership of the m-th element to a sub-array and Q is the number of sub-arrays.
Likewise in [7] , the problem at hand is formulated as follows: "optimizing the sub-array configuration and the corresponding weights in order to synthesize a compromise difference pattern with maximum directivity." To properly address such a problem, since (a) the CP M is an excitation matching method aimed at reproducing a reference pattern and (b) analytical solutions exist to yield a difference pattern with maximum directivity (e.g., see [12] [13] for continuous line sources and [14] - [16] when dealing with discrete arrays), a two-stage procedure is detailed as follows. Generally speaking, the first stage is devoted to generate, according to the guidelines in [14] , the difference excitation set ∆ max = {∆ m = −∆ −m ; m = 1, ..., M} that provides the reference pattern P ∆ max (θ) with maximum directivity D max = max θ {D (θ)} without sidelobe constraints, being D (θ) the directivity function given by
where
. Successively, the CP M is used to determine the compromise set B close as much as possible to the optimal one ∆ max in order to synthesize a pattern P B (θ) with highest directivity. In more detail:
• Stage 1 -Computation of the Reference Excitations, ∆ max
As shown in [14] , the reference difference set ∆ max is the solution of the following set of
where θ max is the angular direction of the maximum directivity (i.e.,
Unfortunately, the direction θ max is not a-priori known and it is computed according to an iterative procedure [14] , i being the iteration index. Starting from a trial value θ = θ (i) (i = 0) equal to the angular direction of the maximum directivity in a uniformly-excited array, the excitations are iteratively updated
until the convergence condition holds true:
where I θ and η θ are a fixed number of iterations and a fixed numerical threshold, respectively. At the end of the iterative process (i = I), θ max = θ (I) is found as well as the
• Stage 2 -Synthesis of the Compromise Pattern with Maximum Directivity
Once the reference set ∆ max has been determined, the compromise difference pattern with maximum directivity is identified by aggregating the array elements according to the guidelines of the CP M [9] . In particular, the following cost function is defined
and successively minimized to only compute the unknown aggregation vector C = {c m ; m = 1, . . . , M}, since the sub-array weights are unequivocally determined through the following relation-
. The minimization process is carried out by generating a sequence of sub-array configurations C (k) ; k = 1, ..., K that converges to the optimal compromise C CP M . In more detail, starting from a random configuration C (0) obtained by sorting the "optimal" gains γ m , m = 1, ..., M on a line and randomly selecting Q − 1 cutting points, the trial solution is updated [C (k) ← C (k+1) ] just modifying the membership of the "border elements (1) " of the previous one, C (k) according to the guidelines detailed in [9] . The process is stopped, by setting C CP M = C (kopt) , when the convergence condition holds true. Such a condition is defined in terms of a maximum number of iterations K (i.e., k > K) or the stationariness of the CP M cost function value (i.e.,˛˛K
≤ η Ψ , being K Ψ and η Ψ two user-defined control parameters).
Numerical Results
In order to show the potentialities and the limitations of the proposed method, a set of illustrative examples are reported and discussed in this Section. Moreover, some comparisons with the 
in Fig. 5 . As expected, Θ decreases when Q grows and it goes to 0 value when Q = M.
For a more thoroughly treatment of the synthesis of linear monopulse antennas, let us take into account the mutual coupling (MC) effects for the sum and difference patterns [19] . In particular, the antenna is supposed being made by an array of thin dipoles of length equal to λ/2. Accordingly, the relative power pattern of the solution obtained by means of the CP M in Fig. 6 as well as the sum pattern effects are shown in Fig. 7 . It is worth notice that the degradation of both patterns when MC effects are included is negligible and it increases in the end fire direction.
The second example (Test Case 2) is concerned with a N = 40 elements array with interelement spacing equal to d = 0.7 λ. As in [7] , the excitation coefficients of the sum mode have been chosen to generate a Taylor pattern [20] withn = 6 and SLL = −30 dB. Figure 8 shows the behavior of the maximum directivity of the synthesized compromise pattern versus the number of sub-arrays, Q (Test Case 2 -Experiment 1). The ideal/asymptotic directivity value is reported, as well ( Fig. 8 -continuous 
Conclusions
In this paper, the optimization of the directivity of the difference compromise beam in subarrayed monopulse array antennas has been dealt with. By exploiting the knowledge of the reference difference excitations, which provide maximum directivities, a sub-arraying strategy based on the CP M has been used to synthesize monopulse antennas characterized by a reduced complexity. By integrating the procedure aimed at defining the reference difference with highest directivity, the definition of the sub-array configurations and weights has been carried out 
FIGURE CAPTIONS
• Figure 1 . Sketch of the array configuration.
• • • 
TABLE CAPTIONS
• Table I ; q = 1, ..., Q determined by the T S − CP M and DE-based approach.
• Table II 
